The broadening of one-dimensional Gaussian wave packets is presented in all textbooks on quantum mechanics. It is used as an example to elucidate Heisenberg's uncertainty relation. The behaviour on a lattice is drastically different if the amplitude and (or) phase of the wave packet varies on the scale of the lattice constant. Important examples are very narrow wavepackets or wavepackets with an average velocity comparable to the maximum velocity on the lattice. Analytical and numerical results for the time dependence of wave packets on a one-dimensional lattice are presented.
I. INTRODUCTION
Even before treating how the probability amplitudes in quantum mechanics vary in continuous space Richard Feynman 1 in volume III of his famous "Lectures on Physics" addresses what happens if one puts a single electron on a line of atoms. He arrives at the one-dimensional time independent Schödinger equation by studying the limit where the lattice constant a goes to zero. The one-dimensional model studied by Feynman is usually called the "nearest neighbour tight-binding model" and is treated in solid state physics textbooks. 2 More recently in the field of quantum computing this model is called a "continuous time quantum walk". 3 Here the solid state physics point of view is taken.
Feynman discusses the dynamics of wave packets on the lattice and shows that if they have a predominant wave number k 0 they move through the lattice with the group velocity dω/dk. In a footnote he adds "Provided we do not try to make the packet too narrow". It is one goal of this paper to elucidate what happens in this case. We examine the effects which occur for "too narrow" wave packets. They are drastically different from the behaviour in continuous space. The second important difference between the lattice case and continuous space concerns the time dependence of the shape of the wave packet on its average velocity. As discussed in section II, on one-dimensional lattices the wave number k of a plane wave state is restricted to the interval −π/a to π/a, were a is the lattice constant and the corresponding velocity has a maximum value in this first Brilloin zone. 2 This maximum velocity e.g. largely determines the time dependence of the wavepacket when the electron initially is put on a single lattice site. This is similar to the spreading of the information about a local perturbation in spin systems with finite range interactions. Lieb and Robinson 4 showed that for such systems a finite bound for the group velocity exist, with which the information propagates in the system. The topic of Lieb-Robinson bounds has become a useful tool when studying nonequlibrium phenomena in quantum many body systems. 5 The behaviour of a wave packet of a single electron initially localized in a finite region of the lattice, is a simple example of a similar physics.
Various aspects of the dynamics of wave packets were treated in this journal for the case of a one dimensional continuum 6 but not on lattices. The paper is structured as follows. In section II we present the basic concepts of the quantum mechanics of a particle on a one-dimensional lattice. The corresponding dynamics is addressed in section III in the Schrödinger as well as the Heisenberg picture. It is shown that on the lattice the uncertainty relation for the position and the velocity differs from the continuum case. The uncertainty product can even be zero in the lattice case as the position operator has a discrete spectrum.
Numerical results for the dynamics of narrow and more extended wave packets are presented in section IV. If the initial state is confined to one or a few lattice sites the results differ drastically from the continuum case discussed in textbooks. For Gaussian initial states of sufficiently large width the behaviour on the continuum is recovered for small average velocity. For average velocities of the order of the maximum velocity again large differences to the continuum case occur.
II. ONE-DIMENSIONAL LATTICE
An infinite one-dimensional lattice is considered with lattice sites at positions na, were a is the lattice constant and the integer n runs from −∞ to ∞. The state for the particle at position an is denoted by |n . The states are assumed to be orthonormal and to span the infinite Hilbert space
A general normalized state for the particle on the lattice takes the form
where the complex weights c n fulfill n |c n | 2 = 1. The c n = n|φ play the role of the wave function φ(x) = x|φ in the continuum at position x = na.
The position operatorx on the lattice is defined aŝ
It is useful to introduce translation operatorsT ±a by one lattice spacingT
Multiplying from the right by n| yields after summation over n using Eq. (1)
AsT aT−a |n =T −aTa |n the operatorsT a andT −a commute and one easily shows thatT † ±a = T ∓a holds. The eigenstates of the unitary operatorsT ±a are plane wave states |k
with a constant c to be fixed later. As e i(k+2πm/a)an = e ikan for all integers m the complete set of eigenstates |k is obtained by restricting the k values to the interval from −π/a to π/a, in solid state physics called the first Brillouin zone. In order to have the completeness relation
the constant c has to be properly fixed. Assuming this completeness relation to hold, one obtains
This implies c = (a/(2π), if c is chosen as a positive real number. The k-components of |φ are therefore given by
This is a (2π/a)-periodic function of the wave number k. The eigenvalues of the translation operatorsT ±a can easily be read off Eq. (6) using the definition Eq. (4)
With the wave number operatork
the translation operators therefore take the form
The operator k is called the quasi-momentum operator.
The position operator has simple commutation relations with the translation operators. For an arbitrary state |n one has
This result will be used in Section III.
For the Hamiltonian which allows the particle to propagate in the lattice by hopping via neighbouring sites we use identical real hopping matrix elements ǫ 01 between all neighbouring siteŝ
The value of the site energy ǫ 0 is irrelevant for the broadening of wave packets. AsĤ depends linearly on the translation operatorsT ±a the states |k are also the eigenstates ofĤ
The energy eigenvalues ǫ k lie in a band of (total) bandwidth B = 4|ǫ 01 |. If one defines an effective mass m eff via
the energy dispersion for |ka| ≪ 1 is given by
with V 0 = ǫ 0 + 2ǫ 01 . If one takes the limit a → 0 for fixed m eff the nonrelativistic energy dispersion of a particle on a continuous one dimensional line (in a constant potential V 0 ) is obtained. This can also be seen in the site representation
The parenthesis devided by a 2 goes over to the second derivative in the continuum limit.
III. DYNAMICS OF WAVE PACKETS ON A ONE-DIMENSIONAL LATTICE
In this section we present general results for the dynamics of wave packets on lattices. The wave packet at time t = 0 is of the general form of Eq. (2) and assumed to be located near the the origin (n = 0). To study the time dependence we first present the solution of the time dependent Schrödinger equation. To address directly the time dependence of the width of the wave packet we also use the Heisenberg picture. As Heisenberg's uncertainty relation is useful for the discussion of the width on the continuum, its state dependent form for the lattice is discussed.
As it only would lead to irrelevant phase factors we put ǫ 0 = 0 in the following.
A. Schrödinger picture
If one takes the state in Eq. (2) as the initial state at time t = 0, the coefficients at t > 0 become time dependent: c n → c n (t). As the Hamiltonian is time independent the formal result for the c n (t) is straightforward
The calculation of the matrix elements of the evolution operator in the site representation can be reduced to an integration using the completeness relation Eq. (7) n|e
The second line explicitely shows the discrete translational invariance
As ǫ k is an even function of k the factor e ika(m−n) in Eq. (21) can be replaced by cos[ka(m − n)]. Switching to dimensionless unitsk = ka andt = −2ǫ 01 t/ one obtains
As shown in the appendix the function g n (t) is real for even values of n and purely imaginary for odd values of n. As it is an even function of n it is sufficient to consider values n ≥ 0. Apart from an additional factor i n , g ±n (t) equals the Bessel function of integer order J n (t). This result was discussed earlier in the context of continuous time quantum walks.
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If the characterization of the initial state |φ is presented in terms of the wave number amplitudes k|φ a more direct way to calculate c n (t) is to expand |φ(t) in terms of the k-states
If | k|φ | is strongly peaked around a value k = k 0 the integral can be performed by expanding ǫ k (for arbitrary dispersion) around k 0 . Then the average velocity of the wave packet is determined by the group velocity v k = (dǫ k /dk)/ at k = k 0 , as discussed by Feynman.
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In section IV results for the time dependence of wave packets will be presented by numerically calculating the integral in Eq. (23) as a function oft and n.
B. Heisenberg picture
For an analytical understanding of the average position and the width of the wave packet it is useful to switch to the Heisenberg picture. For a general observable described by the time independent operatorÂ the time dependent expectation value is given by
Taking the time derivative of the Heisenberg operator A H (t) yields the equation of motion in the form
with the velocity operator
In the position representation one has with Eq. (17)
In the continuum limit this leads to the familiar result x|p|φ = ( /i)φ ′ (x). The eigenstates ofv are the plane wave states |k
with
Note that v k = (dǫ k /dk)/ for ǫ 10 = −|ǫ 10 | has its maximal value 2|ǫ 10 |a/ at k = π/(2a).
AsT a andT −a commute with each other T ±a,H (t) = T ±a for the HamiltonianĤ in Eq. (15). This implies the time independent expectation value
T ±a,H (t) =T ±a also leads tov H (t) =v. Therefore Eq. (27) can be trivially integrated
Squaring leads tô
The last two equations have the same form as for a particle on a continuous line. In that case one has the familiar result that the velocity operatorv is given by the momentum operatorp devided by the mass m of the particle. 
For a Hamiltonian with hopping matrix elements not only to nearest neighbours additional terms appear in the result for [x,v] . The commutator ofx and the quasimomentum operator k is also not proportional to the unit operator. 7 Here the focus is on the velocity operator defined as the time derivative of the position operator. In Eq. (34) it enters the description of the broadening of the wavepacket.
For the general intial state |φ in Eq. (2) the expectation value of the commutator is given by
For a single site initial state |φ = |m this expectation value vanishes. This is in sharp contrast to a very broad and smooth initial state with c n+1 ≈ c n where it approaches the continuum value i /m eff . Equations (33) and (34) allow to express the time dependence of the average position x t and the width
of the wave packet in terms of the initial state expectation values of the operatorsx andv and the products of them appearing in Eq. (34). For the average ofv andv 2 one obtains
Also required to obtain (∆x) t is the expectation value
For the initial states treated in the following xv + vx − 2 x v vanishes and the time dependence of the width of the wave packet is given by
The product of the initial state uncertainties obeys the uncertainty relation
For the discussion of the results in section IV it is helpful to also consider the (time-independent) probability distribution of the velocity
(43) The integral can be performed using the general formula
where the k i are the positions of the zeros of g(k) in the integration range. For |v| < v max there are two zeros ak 1 (v) = arcsin(v/v max ) and ak 2 (v) = sign(v)π − ak 1 (v), implying cos ak 1 (v) = − cos ak 2 (v). This yields with
(45) This formula is useful for the understanding of the results in section IV.
C. Shape dependence of the wave packet on the average velocity
In this subsection we compare the time dependence of the shape of the wave packets for the initial state |φ in Eq. (2) and the "boosted" state
with k 0 a real number. The corresponding expansion coefficients are given by c (k0) n = e ik0an c n . Using Eq. (33) the time dependent boosted state is given by
= e ik0(x+vt) |φ(t) .
The prefactor of the form eÂ +B is difficult to simplify in the lattice case. This is different for the continuum where the Baker-Haussdorf formula 9 can be used. It reads 
The second factor is the translation operator 9 by the distance v 0 t. Applying it to the position state x| to the left yields x|e iv0tp/ = x − v 0 t|. Squaring leads to the important result
The boost does not change the shape of the time dependent wave packet. It only gets the time dependent shift as expected from Galilean invariance in the continuum case. This well known result for the Gaussian case holds for arbitrary shapes of |φ . As the commutator [x,v] is not proportional to the unit operator in the lattice case (see Eq. (35)) this shape independence does not hold on the lattice as confirmed by the numerical results in section IV. As no simple result for e ik0(x+vt) can be obtained we analytically only show in section IV,B (see Eq. (62)) that the time independent velocity uncertainty depends on k 0 .
IV. NUMERICAL RESULTS AND THEIR INTERPRETATION
As mentioned in the introduction the broadening of wavepackets on a lattice differs strongly from the continuum case discussed in quantum mechanics textbooks when in the coefficients c n =c n e iφn , withc n and φ n real, thec n and (or) φ n vary rapidly on the scale of the lattice distance a. In subsection A the phases are put to zero, implying zero average velocity of the packet. The case of nonzero phases is discussed in subsection B.
In this section we work with dimensionless units = 1 and a = 1. In order fort = t to hold we choose ǫ 10 = −1/2, which implies
i.e. v max = 1. The small k curvature of ǫ k corresponds to an effective mass m eff = 1.
A. Initial state with real expansion coefficients cn
In this subsection we discuss wave packets with real coefficients c n in Eq. (2). According to Eq. (38) they have zero average velocity.
We start by discussing a single site initial state. Because of the discrete translational invariance we can choose |φ = |0 , i.e the initial state is localized at the origin. As k|0 = 1/ √ 2π all k states contribute equally. One can therefore expect the deviation from the behaviour of wave packets in the continuum to be strongest for a single site initial state. Equation (39) leads to v 2 = 1/2. As (∆x) t=0 = 0 the width of the wave packet increases linearly with time (∆x) t = t/ √ 2 and the uncertainty product is given by (∆x) t ∆v = t/2.
The probability to find the particle at site |n at time t is given by (see the discussion following Eq. (23))
In Fig.1 we show the probability |c n (t)| 2 as a function of n for two different times. We have connected the discrete points at integer n by a dotted line for t = 30 and a dashed line for t = 60. The result is drastically different from the broadening of a wave packet in the continuum.
The dominant peaks indicate that the particle has a high probability to move with the maximum velocity in both directions. This can be understood using the probability distribution of the velocities in Eq. (45). For |φ = |0 one has
The divergence of this function when approaching ±v max = ±1 is responsible for the large weight near n ≈ ±t in Fig. 1 . To further elucidate the rather well defined edges of the packet in Fig. 1 at n ≈ ±t we show the probability |c n (t)| 2 for n = 30 and n = 60 as a function of time in Fig. 2 .
The short time behaviour of g n (t) is discussed in the appendix (see Eq. (A4)). This shows that |c n (t)| J 2 n (t), is strongly suppressed for times t small compared to n. Therefore the information that the particle was located at the origin at time t = 0 arrives at site n not before the time determined by tv max = an, which for v max = 1 and a = 1 is given by t = n. This is similar to the spread of information in spin systems on a lattice with finite range interactions.
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For times t ≫ n the probability |c n (t)| 2 = J 2 n (t) decays like 1/t in an oscillatory manner. This follows from the large time behaviour of the Bessel functions of integer order discussed in the appendix. Therefore the probability to find the particle near the origin for large times shows this behaviour (see Fig. 1 ).
Next we show results where the initial state is Gaussian centered at the origin
where d determines the width of the discrete Gaussian distribution c 2 n . The numerical evaluation of the corresponding sums shows that for increasing d the width of the Gaussian wave packet on the lattice quickly approaches the continuum value ∆x = d. Already for d = 1 the deviation is extremely small. The expectation value v 2 can be calculated analytically. Using n 2 + (n + 2) 2 = 2(n + 1) 2 + 2 in Eq. (39) yields
withd = 1/(2d). The convergence to the continuum value ∆v =d with increasing d is slower than the approach of ∆x to d.
In Fig. 3 we show the time dependent probability |c n (t)| 2 as function of n for t = 60 and three different values of d.
For d = 1/3 the probability distribution differs little from the t = 60 curve in Fig. 1 It is again useful to consider the corresponding p vel (v). This requires to calculate k|φ , using Eq. (9) . For large values of d replacing the n-sum by an integral is a good approximation. This Gaussian integral leads to
Obviously one has lost the 2π/a periodicity of k|φ , where in this section we have put a = 1. This is a minor problem if k|φ appr is already very small at the edges of the Brillouin zone k = ±π. Equation (43) allows to understand the crossover from the result for |φ = |0 to the continuum like curve for d = 3 in Fig. 3 . For v → ±1 the roots k i (v) approach the value ±π/2. Therefore the value of | k = ±π/2|φ | 2 is a measure for the suppression of the square root singularities of p vel (v). They are almost completely suppressed for d = 3, definitely present for d = 1/3, and d = 1 is an intermediate case.
B. Wave packets with finite average velocity
In order for the wave packet to have a finite average velocity v the initial state has to have at least one pair of neighbouring sites with nonvanishing coefficients c n , with a least one of them being a complex number. A simple example is
The numerical results for |c n (t)| 2 are shown in Fig.  4 . For the finite velocity case k 0 = 1.0 the probability distribution shows a clear asymmetry with respect to the origin. For the understanding again a look at p vel (v) is helpful. A simple calculation using Eqs. (45) and (57) yields
For k 0 = ±π/2 the singularity at the lower (upper) edge of the distribution is suppressed completely. As the second example we discuss a boosted Gaussian initial state as in Eq. (46)
The expectation value v 2 (k0) can again be calculated analytically using n 2 + (n + 2)
For d larger than the lattice constant it is a good approximation to replace the summation in Eq. (38) by an integration. Using n 2 + (n + 1) 2 = 2(n + 1/2) 2 + 1/2 one obtains
The velocity uncertainty follows as
which explicitely shows the k 0 dependence. For large d this uncertainty reaches the continuum valued = 1/(2d) for k 0 = 0. For k 0 = π/2 it is proportional tod 2 , i.e. the uncertainty product ∆x∆v vanishes like 1/d. This shows that also for very broad wave packets the deviations from the Heisenberg uncertainty product can be large when the average velocity approaches the maximum velocity on the lattice. For symmetry reasons it is sufficient to consider positive values of k 0 in the first Brillouin zone. Due to the properties of the functions g n (t) mentioned after Eq. (23) the probabilities |c n (t)| 2 are identical for k 0 and π − k 0 . Therefore the largest value we consider is k 0 = π/2.
The corresponding amplitudes k|φ follow from Eq. (9) by a shift of the k-value.
For k 0 > 0 this leads to | −π/2|φ k0 | 2 < | π/2|φ k0 | 2 . Therefore the singularity of p vel (v) at v = −1 is stronger suppressed than the one at v = 1, like in Eq. (58) for the two-site example.
In Fig. 5 we show results for k 0 = π/4, t = 60 and the same three values of d as in Fig. 4 . Except for a slight asymmetry the d = 3 curve again looks similar to the continuum case.
The value of |c n (t)| 2 for n = 60 as a function of time is shown in Fig. 6 for the complex Gaussian initial state with k 0 = π/4 for the same values of d as in Fig. 5 .
For all three values of d the probability to find the particle at site n = 60 for times smaller than t = n/v max = 60 is very small.
We finally consider the case k 0 = π/2, which is very special. As ǫ π/2+k = sink the energy dispersion is approximately linear around k 0 = π/2 and v π/2+k ≈ 1 −k 2 /2. It is shown in Fig. 7 that the deviations from the linear energy dispersion become important for large enough times. As the results are shown as a function of n − t there is a visible shift of the distribution to smaller values for increasing time. The oscillatory behaviour clearly visible for n − t < 15 for the t = 500 distribution is again an effect that does not occur in the continuum case.
V. SUMMARY
Several aspects of the propagation of wave packets in a one-dimensional tight-binding chain with nearest neighbour hopping were presented. For an initial state localized at a single site a totally different time dependence shows up compared to the well known behaviour of of a narrow Gaussian wave packet in the continuum. An important quantity for the understanding of the large probabilities to find the particle at time t near positions ±v max t is the divergence of the probability distribution p vel (v) at the values ±v max . This one-site initial state is a simple example showing that the uncertainty relation for position and velocity takes a different form on the lattice.
In order for the wave packet to have a finite average velocity at least a two site initial state involving a complex amplitude is necessary. For an initial state with symmetric site occupancies this leads at finite times to a strong asymmetry in the site probability distribution.
Gaussian initial states with zero and finite average probabilities were studied in detail. Even for initial widths much larger than the lattice constant differences to the continuum case arise for finite average velocities.
The generalization to higher dimensional lattices is straightforward. For a single site initial state in the origin of a square lattice with nearest neighbour hopping the probability to find the particle at position n x , n y is given by J nx (t) 2 J ny (t) 2 if the hopping matrix elements in the y-direction are identical to the one in the x-direction.
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The starting point is to write the time evolution operator e −iĤt/ in product form usingĤ = ǫ 01 (T ±a + T † ±a ). As the translation operatorsT a andT −a commute one has using Eq. The power series for J n (x) is usually obtained by solving the Bessel differential equation by a power series ansatz.
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Alternatively the power series for g ±n (t) can be obtained by performing thek integration in Eq. (23) after expanding e it cosk in the integrand.
The short time approximation for g ±n (t) follows from Eq. (A3) as g ±n (t) = i n (t/2) n n! 1 − t 2 /4 n + 1 + ... .
The long time approximation for J n (t) can be obtained using the stationary phase method for the integral in Eq. (23). For fixed n this yields
A detailed discussion of J n (t) for large n and t ≈ n can be found in reference 11.
